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ABSTRACT 



1. Introduction 



^ ■ N=2 supcrsymmctric field theories in two dimensions have been extensively studied 

I in the last few years. Many of their properties can be determined along the whole 

renormalization group flow, like their coupling dependence and soliton spectra. 
\ We discuss here several models which can be solved completely, when the number 

of superfields is taken to be large, by studying their topological-antitopological 
fusion equations. These models are the CP """^model, 0"- models on Grassmannian 
^ i manifolds, and certain perturbed N = 2 Minimal model. 

in 

cn 

(N 

T^ij- ' Two-dimensional quantum field theories have been studied extensively in the last 

G^ ■ few years, both at the conformal point and off criticality for massive and massless 

flows. More recently, there has been an extensive exploration of two-dimensional 
field theories with N = 2 supersymmetry. These theories play for example a fun- 
damental role in the construction of = 1 string vacua and the study of string 
• compactification. Many of the models admit Landau- Ginsburg- type actions charac- 

terized by a superpotential which obeys non-renormalization theorems, thus making 
I them easier to study. The superpotential encodes the chiral ring of operators (the 

■ topological data of the theory) and many of the properties of the full quantum theory 

can be determined through it by defining a metric, the inner product on the space of 
super symmetric ground-states (a generalization of Zamolodchikov's metric) which 
satisfies a set of differential equations on the space of couplings, the topological- 
antitopological (tt*) fusion equations. This metric, and a new index related to it, 
are defined along the whole renormalization group flow and give information about 
the soliton spectrum and other characteristics of the model such as the scale and 
coupling dependence. The new index, a non-perturbative quantity, is calculable 
exactly in any two-dimensional N = 2 theory, whether or not it is integrable. From 
it a sort of c function on the space of couplings can also be defined, which decreases 
monotonically along the flow. The 'new index' can be calculated either from the 
ground-state metric through the tt* equations, or by solving the TEA equations if 
the S-matrix of the model is known. The tt* fusion equations have proven diffi- 
cult to solve and their equivalence with the TEA approach has only been showed 
numerically for some simple cases. 



The tt* formalism has a wide range of apphcations in two-dimensional systems. 
Apart from the models we will be discussing here, many of the properties of two- 
dimensional polymers (self-avoiding random walks) can be studied. The index turns 
out to be the partition function for a single polymer which loops around a cylinder 
and it gives the scaling function for the number of such configurations. 

Here, we investigate several models where the tt* equations can be solved com- 
pletely analytically. Quantum field theories usually become tractable when the 
number of fields in the model is very large. For example, the large CP^~^model 
has been solved: to leading order in yS'-matrix elements are given by summing 
tree diagrams, while bulk quantities like the free energy are calculable by simply 
extremizing an effective action. 

We show here that the tt* methods show comparable simplifications in this limit. 
The models we will be considering are the CP^~^ model, cr-models on Grassmannian 
target manifolds G{k, N) and certain perturbed An Minimal models. 



2. The ground-state metric for N=2 theories and the new index 

The situation governed by the tt* equations is the following. We have a d — 2, 
N — 2 super symmetric field theory quantized on a Euclidean manifold, with metric 

and boundary conditions preserving N = 2 global supersymmetry. We assume there 
are a discrete set of supersymmetric ground states, that at least one dimension is 
compact, and that a Hamiltonian defined on a compact hypersurface has a gap. 
Given all this, certain correlation functions can be reduced to sums over the ground 
states. 

One way to describe the tt* results is that they answer the question: from the 
topological data of an = 2 theory, in which only the ground-states survive, what 
can one reconstruct about the original theory? 

Let us then consider an A^ = 2 theory on a cylinder, where the long dimension has 
length L (which will go to infinity), and the compact dimension has circumference 

In two dimensions the N = 2 supersymmetry algebra takes the form 

{Q+Q+} = 2A {gz,g],} = 2A* 

{Ql,QD = H-P {g+ Q-^} = E-rP 

[F, Ql\ = ±Qi [F, g|] = tQ% 

+t ^ n- (n±\t 



QV = Ql (Qir = Qr (1) 



g±^i=(g± + g±) {q-,q+}^h. (2) 



F, the 'fermion number,' is the conserved U{1) charge, and g^ and are left and 
right supercharges. In non-compact space one can have a non-zero central term A, 
which will come in below. 



The most basic elements particular to a given N = 2 theory are the chiral and 
anti-chiral rings. The chiral operators (pi satisfy [Q^,(j)i] = 0, and the anti-chiral 
operators (pi satisfy [Q~ , (pi] = 0. The chiral ring is defined in terms of the operator 
product algebra as 

Mj=Y.Ci<Pk + [Q^,A]. (3) 

k 

Since the derivative of any operator (and the stress tensor itself) is a descendant 
under (and Q~), the positions of the operators on the left hand side do not 
matter. The anti-chiral ring will have structure constants Cij. 

Equally important are the supersymmetric (Ramond) ground states 

H\a) = Q^\a) =0. (4) 

We could make a correspondence between these and chiral fields by choosing a 
canonical ground state |0). Then we can identify 

(PM = \t) + Q+\A). (5) 

Finally we could project on the true ground state by applying an operator like 
limT-^oo exp —HT. We could also do this with anti-chiral fields (pi, producing states 
to be called The structure constants C^j then also give the action of the chiral 
operators on the ground states: 

m = C^,\k)+Q^\^). (6) 

This construction is not completely satisfactory because it is not clear that 
the correspondence is one to one; furthermore it depended on the choice of 10). 
Both problems are dealt with by making a correspondence using spectral fiow. In 
principle, this constructs the state \i) by doing a path integral on a hemisphere with 
an insertion of (pi. We need spectral flow to put this state in the Ramond sector, 
and we can think of it as turning on a U{1) gauge field coupled to the fermion 
number current, with holonomy e*'^ on the boundary. We can then take as |0) the 
state produced by inserting the identity operator 0o = 1, and non-degeneracy of 
the two-point function {(pi(pj) will imply that the correspondence is one to one. 

Now we take \i) and \j) to denote the basis of ground states corresponding to 
the fields (pi and (pj. CPT will relate \i) to a state {i\ so the usual Hilbert space 
metric will be the hermitian 

9ij = (7) 

Another structure present in the theory is the "real structure" M expressing one 
basis in terms of the other: 

(z| = {j\Mi (8) 

CPT implies MM* = 1. 

A combination of these produces the 'topological' metric rj: Qi^ = rjijM^. This 
is the two-point function in the topologically twisted theory. 



Supersymmetry-preserving perturbations of the action are of two types. In gen- 
eral we need to write a commutator with aU four supercharges (or integral d^6) to 
preserve all super symmetries. However we can also write 

6S = Y.J d\ 5U{Q-^, [gz, ^^]} + 5U{Qr. [Qt U}- (9) 

i 

where (^j and 0j are chiral and anti-chiral fields. A perturbation which can only be 
written in this form is called an F term; the others are D terms. 

In the spirit of the non-abelian Berry's phase, define the gauge connection 

Ai, = g^^'{j'\d^ (10) 

and its conjugate. By definition, the metric g is covariantly constant with respect 
to the derivatives Di = di — Ai, Di = di — Aj. 

Then, we might expect covariant combinations like the curvature to be especially 
simple. Writing these out explicitly and manipulating the supercharges gives 

[D,,D^] = =0 (11) 

and for the mixed terms, one finds 

[D,,Dj] = -(3'[a,Cj], (12) 

a differential equation for the metric. By (JT]) one can choose a basis in which 
Ai = 0, so Ai = g~^dig, and (14) becomes 

dj{gd,g'')=P'[Q,gCtg-'] (13) 

These are the tt* equations, which given enough boundary conditions determine 
the metric g. Different models with the same chiral ring can have different metrics: 
thus the bQundary conditions are a crucial part of the story. In the cases considered 
in detail,™'0 the dependence on one relevant coupling is studied. Let this define a 
mass scale m; then small jSm is weak coupling and this limit of the metric can be 
found using semiclassical techniques. The large jSm boundary conditions are even 
simpler and are best explained in terms of the 'new index' (see below). 

There is another observable depending only on F couplingsH. Although it is sim- 
ply related to the metric it has a clearer physical interpretation. It is modeled after 
the index Tr(— l)^e~^^, which is completely independent of finiteDerturbations of 
the theory for > 1 supersymmetric theories in any dimension.t^ This index has 
been very useful in providing criteria for supersymmetry breaking. For an iV = 2 
theory in two dimensions, the new observable is the 'new index' Tr F(— l)^e~^'^, 
with F the 'Fermion number.' 

The new index is actually a matrix since the boundary conditions at spatial 
infinity can be any vacuum of the theory. Let the left vacuum be a and the right 
one b, and consider the matrix elements 

Qa, = f Tr (-1)^ F e-^^. (14) 



In it is shown that the matrix Q is imaginary and hermitian, and that 

Qab = i{(3gdpg~^ + n)ab (15) 

where n is the coefficient of the chiral anomaly. 

This quantity is particularly suited for extracting the soliton spectrum and other 
low temperature properties of the model. The simplest case is a model with a mass 
gap; clearly Q wiU be exponentially small in (3m and typically each of the leading 
terms in an expansion in exp —(3m is the contribution of a single massive particle 
saturating the Bogomolnyi bound m = |A|. ioi 

3. CP^^models 

We now apply the formalism to the supersymmetric CP^~^(j-models. 
Non-linear cr-models define maps from spacetime into a riemannian target manifold 
M. Supersymmetric d = 2 cr-models exist for any target manifold. If the target 
manifold and metric is Kahler,cl the model will be = 2. 
A manifestly N = 2 invariant superspace Lagrangian is 

c = ]^j dxSe d^e ir($, $t), (16) 

where K is the Kahler potential and are complex chiral superfields 

= <Di(x, e, 6) = ipiix) + v^e^^r^f (x) + e„^r^^F,(x) . (17) 

Any term in K which is globally defined on M is a -D term, and conversely two 
choices of K for which the Kahler forms J = dz^ Adz^ didjK are in different complex 
cohomology classes differ by F terms. For CP^~^, dim/7^'^(M, M) = 1 and the 
Kahler class is specified by a single parameter. We can take 

1 N-1 

ir(<I.,<l>t) = -log(l+^<l>J<l>,). (18) 
9 i=i 

The supersymmetric ground states of an = 2 a-model are in one-to-one corre- 
spondance with the complex cohomology classes of the target space, and by spectral 
flow so are the chiral primaries. Using semiclassical techniques to compute the chiral 
ring, one finds it to be a deformation of the classical cohomology ring: instantons 
can contribute to correlation functions of the chiral primaries. In simple cases 
the possible contributions are determined by the chiral anomaly. For CP^~^, the 
classical cohomology ring is the powers of the Kahler form x allowed on a 2{N — 1)- 
dimensional manifold, up to x^~^. The instanton changes the relation x^ = 
to 



(19) 



which defines the chiral ring. 

Many N = 2 simeisymmetric theories in two dimensions admit a Landau- 
Ginsburg descriptiontal^ if their superspace Lagrangian is of the form 

C = J d^0j2 Mi + J d^OW{(j),) + h.c. (20) 

where 0j, (pi are the chiral and antichiral (a, c) superfields and the superpotential W 
is an analytic function of the complex superfields which obeys non-renormalization 
theorems. The ground states of the theory are dW{(j)) = 0. The chiral ring is the ring 
of polynomials generated by the (pi modulo the relations dW {(p) / d(pi = DD(pi ~ 0. 

In this light, and for many other purposes, a more useful definition of the 
CP^^^a-model is provided by a gauged N = 2 model, which constructs CP^^^as a 
quotient of C^: 

- TV 1 

J2S,e-''Si + -V . (21) 
J^i 9 . 

Si are N chiral superfields which become the homogeneous coordinates on CP^~^. 
We have introduced a factor of with the coupling l/g"^ which will make the 
N ^ oo limit well defined.! is a real vector superfield, whose components become 
the many auxiliary fields of the following component form of the Lagrangian: 



c= d^e 



-{ (DXYiD^ni) +ij\tl/) + a + itij')^;. 
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+ (^2 ^ ^2) _ _ ^) ^ ^ ^r^^^ y ^22) 

The superfields S have complex components rii and ipi. (We rescaled them by 
y/N/g.) The constraint n*ni = 1 is imposed by the Lagrange multiplier A; the 
phase of n and ip is gauged by (which appears in = + iA^J. The fields a 
and 71 implement 4-fermi interactions and by the equations of motion are equal to 
ip'^ipi and iip^'j^ipi respectively. 

Integrating out the superfields Si in (pT]), one obtains an effective action for 
the CP^^^models which has the form of a Landau- Ginsburg model. By gauge 
invariance only the field-strength superfields X and X remain since V is not gauge 
invariant: 

Ses = ^Jd^x yd^eWiX)+Jd^eWiX)+Jd%Z{X, X, A, A)]^ (23) 

with 

W{X) = X{\ogX^ - N + A{fi) -iO). (24) 
yl is a renormalized coupling and 6 the instanton angle, and 

X = DlDrV, X = DrDlV. (25) 

The chiral ring is the powers of X mod dW = 0: X^ = e~^~^^^. 



3.1. Topological- antitopological fusion equations and the new index 
The action can be written in the foUowing form 



N f 2 2 

S = — — Int / d yd 6 X + c.c. 

Att J 



(26) 



where x = a;($j,$j) = DD \n{l + Y.^i'^i) represents the Kahler class, Int a; is the 
Kahler form and $j, "Ij are chiral superfields. 

The chiral ring is generated by a single element X, the Kahler class, with relation 



(27) 



To write down the tt* equations, we need to find the operator corresponding to a 



perturbation of t, and its action on the chiral ring (X^ ^, . 
by the matrix 

/ 1 ... \ 



X, 1). It is represented 



N 








\t^0 







1 

; 



The Tjn symmetry implies that the metric Qij = is diagonal. The metric g is 
a function only of |tp, because it is a path integral with total chiral charge zero, 
and chiral charge non- conservation is proportional to instanton number. Thus the 
equations become o.d.e.'s in terms of \t\. We can write them in terms of the dimen- 
sionless parameter x = (3t/27i, but to do this we need to take out the dimensional 
factors in g^^. Thus we define 



Ij = ^^9jj + 2jlog|t| 



Qj+N = qj- 



{2i 



We will now use x as our coupling, and call it (3 in the following. The tt* equation 
becomes 

■^di3d(3*qi + e(«'+^-'?^) - e(«'-^'-i) = 0. (29) 

This equation is the affine An^i Toda equation. 

A solution should be determined by the boundary conditions near /3 ~ and 
/3 ~ oo. In [m these are found explicitly for the small (3 limit by a semi classical 
calculation of the metric. For the large (3 limit the solution is exponentially small 
in P, the precise form of the leading exponential being determined by the soliton 
spectrum, which is already known for these (integrable) models. For the cases of 
CP^ and CP^, the tt* equations become special cases of the Painleve 11 equation, 
and the connection formula between small and large /? asymptotics is known.l. 

A reasonable ansatz for the large N limit would be that the metric and index 
are continuous functions of the variable s = i/N. The large N effective action of 



the CP^ ^ model still has fields with an action of the form exp{NSeff) at an 
appropriate saddle point. We therefore rescale Qi ^ jj Qi- The tt* equation becomes 

Adpdp,H+—e'' = 0, (30) 

with H = q'. 

This equation has been studied in several contexts. It was first noted for a 
connection with 4D self-dual gravity.El'Bil More recently, it has been studied in the 
context of the large n limit of Wn algebra.iiil0 It is also a well known scaling limit 
of the two-dimensional infinite Toda lattice.^ A formal solution of the boundary 
value (Goursat) problem for the equation has been given in ||25|| . 

We still need to specify the boundary conditions to select a solution to the 
equation. We can deduce the large limit of our metric for small \/3\ from the 
semi-classical result of Cecotti and Vafafl (this is essentially the two-point function 
{(pi4>j) reduced to constant field configurations, or J dip A *x^) 

H ^ s{l - s) 

|/?P(-ln(|/3|/2)-7)^ ^ ^ 

(for < s < 1 and defined elsewhere by periodicity), where 7 is Euler's constant, a 
factor predicted by the connection formula for the n = 1, 2 equations, and described 
in as a one-loop correction to the semiclassical calculation. 

For large 13, each sector with one soliton of mass m satisfying the Bogomolnyi 
bound contributes ((/ + 1) — f)exp—Pm times a factor depending on its central 
charge A to the new index, and by (|T^) to H. We have such solitons with mass 
m = mo; the central charge is vr(+L) — 7r(— L) or one can just linearize (^Op to see 
the appropriate boundary condition 



H(s) ~ _ ^^P(j7^^i. ^og(27rs) (32) 



which satisfies our equation to first order. This limit is not a solution and one could 
use (^D|) to generate corrections to H coming from multi-soliton sectors. 
The new index is 

Qab = ^Tr (-1)^ F e-^"" (33) 

where a and b characterize the vacua at spatial infinity. We can rewrite it as a path 
integral with an insertion of the fermion number charge / dx^Jp. 

Recall now the action (^ip and its component form (^^. Since the fields Si 
appear quadratically in ( |?I| ) , it is possible to integrate them out exactly, at least in 
terms of a one-loop determinant: 

£ = -A^Tr \og{-D^D^' + A) + A^Tr \og{iip + a + inj^) 

-F^((T^ + vr^ - A) + fermionic. (34) 
9 



In the large N limit, the in front of the action means that the integration over 
auxiliary fields can be done by saddle point, and calculations at leading order in 
can be done by classical techniques. 
The effective action (Q) has been extensively studied at T = and at finite 
temperature (tyDically not in the supersymmetric context, but the results can be 
easily adapted)l23E2l. In the large limit it is 0{N) and we can calculate bulk 
quantities like the free energy simply by extremizing it with respect to the auxiliary 
fields. The 'new index' is computed similarly, with the main differences being that 
we take periodic fermi boundary conditions (and have unbroken supersymmetry), 
we insert the fermion number operator F (this will be done by differentiating with 
respect to a coupling at the end), and we fix the boundary conditions at = ±L to 
go to two possibly different values of a + in (the ground states being characterized 
by the phase of a + i7r).lll This last condition means that we need to consider non- 
constant background fields in the functional integral. For general background fields 
this is quite complicated, but what saves us is that the required variation is small, 
of 0{1/N), so we only need the leading terms in an expansion in derivatives and 
amplitude. The derivative terms (to the accuracy we need them) are 

Seff = N j d^x^^ + {d,af + {d.-nf) + ^^^''F.^m \og{a + zvr) + 14// ^35) 

The finite temperature effective potential is 
1 r rlk^ 

1 r dk^ 

+ ^2HiK-A,r + X] (36) 



°° dk 



= Veff\T=o- — Inll-e-'^^'^'+V , 
JO Ztt 

+ r ^ In |l - e-f^Vk^^^PAo^2_ (37) 
JO 2tc 

This is essentially the standard expression from statistical mechanics of a free field 
(with chemical potential iAo) with one difference: we incorporated the periodic 
fermion boundary conditions, which led to the sign change in (pT]). 

We j^ill not go into the details to obtain the new index, but just state here the 
results." The index is obtained by the saddle point approximation 

N d 3 

Q{s,P) = - ^Sp{P,s)U^ (38) 

2m ds IS L 



with 



-Sf = -;^(27r(s- J)+/3Ao)' + /3V-^fln^-lV (39) 



L ^ 







We still need to minimize the effective action with respect to the auxiliary fields 
a and Aq. It turns out that the minimization can be reinterpreted as precisely 
a combination of known techniques for finding solutions to self-dual gravity from 
those for simpler equations via Legendre transform. In this way we can prove that 
the index and metric, computed independently, solve the tt* equation. We refer the 
interested reader to . 

4. The Grassmannian models 

Now we discuss non-linear cr-models on complex Grassmannian target manifolds 
G{k,N). These spaces have (complex) dimension k{N — k) and consist of all k 
dimensional subspaces of themruDlex vector space C^. 

The classical cohomologyEatSMo of the Grassmannian manifold G{k, N) is gen- 
erated from the Chern classes Xj, where Xi is a form, with the relations 

^X,f . E^.-^' = l (40) 

«>o i>o 

where YjS are some functions. 

The Quantum cohomology ring results from a modification to relations ( ^DD of 
the form^a 

k N-k 

.{T.yjtn = i+{-if-'t'' (41) 

i=0 j=0 

which imply Y^+i-i + =0, l<i<k. 

The quantum cohomology ring is generated by polynomials in the Xj's (if one 
eliminates the 1^'s) subject to the constraints (PI), and has dimension N\/k\{N—k)\. 

As quantum field theories, the Grassmannian a-models (for k > 2) can be 
thought of as generalizations of the CP^~^models. The Lagrangian has a simi- 
lar form 



(42) 



where now the chiral fields Sia carry two indices, a 'gauge' U{k) index z, and a 
'fiavour' SU{N) index a, since there are [N x /c)-matrix scalar fields n = (n^) and 
[N X fc)-matrix Dirac spinor fields ip = {ipt)- V is a, k x k matrix of superfields with 
gauge group U{k) (see p8[1). 

Integrating out the superfields, one recovers again a Landau-Ginsburg-type 
action:H The field-strength superfields (which we now call A, A) belong to the ad- 
joint representation of U{k) and are now gauge covariant. The real gauge-invariant 
objects of (|3^) are the Ad-invariant polynomials in the field-strengths A, with a ring 
generated by the (a, c) superfields Xj {i = 1,2, . . . , k) defined by 

k 

det[t -\]=t^ + J2{-iyt'"~^Xj. (43) 



At the topological field theory level one can assume that the A's and A's are inde- 
pendent of each other and therefore, as matrices, are diagonalizable and all their 
eigenvalues are distinct. Then, without loss of generality, the functional de- 
terminants in the path integral are the same as for the CP^~^case, since the full 
background is now abelian, and the superpotential, which fixes the theory com- 
pletely, becomes 

Wf{X,, A2, . . . , A,) = — E ^.(log Af - iV + A{fi) - zd). (44) 

The gauge-invariant fields are now polynomials in the eigenvalues Am of the field- 
strengths A and are generated by the elementary symmetric functions 

X,(A)= ^ KXi,...K {z = l,...,k) (45) 

l<ii<'2<---/i<A: 

The ring relations are Aj^ = const, and the quantum co homology of the Grass- 
mannian a-models will be generated by the elementary symmetric functions Xj's. 
As quantum field theories, the Grassmannian a-models G{k, N) can thus be identi- 
fied as the tensor product of k copies of the CP^~^cr-model with certain redundant 
states eliminated .eI 

We are interested in finding a suitable basis for the metric of the Grassmannian 
cr-model. In view of (|4^ , ^5|) , a basis for the chiral ring will consist of polynomials 
Pr{Xi) (for r = 1, . . . ,N\/k\{N — k)\) in the Xj's. Then one can determine C in 
(15) from the ring relations and derive the tt* equations. However the equations 
are difficult to handle in this form. A more enlightening way to obtain and study 
the equations is to use the map (|45|). The metric is then defined in terms of the 
variables Am, in the following way 

(PriXmiX,)) = ^(A(A)P,(X,(A))|A(A)P,(X,(A)))^ (46) 

where A(A) is the Vandermonde determinant and is the Jacobian J = det{dXi/dXj) 
of the transformation in (^5|). 

Each basis element Ps{Xj) can then be written as a polynomial A{X)Ps{Xj{X)) 
in the different A^'s. The metric on the LHS of ( ^Bf ) is a sum over the products of 
the metrics for the CP^~^models, which are diagonal (A^|A^) = Sks{X'^\X'^^) . 

The ground-state metric is in general non-diagonal and complicated for an arbi- 
trary basis. However, the form of the metric suggests that one might try finding an 
orthogonal basis in which the metric becomes diagonal and simple (i.e. with each 
component consisting of a single term). This basis is the 'flat coordinates' basis, 
in which the tt* equations have the simplest formlll. This basis is characterized by 
a two-point function rj which is independent of the perturbing parameters of the 
model and squares to 1 {rj* = t]^^ = rj). 

For example, for G(2, N), such a basis is given by the A^(A^ — l)/2 elements 
\mn) = lA^A") with n > m, such that \mn) = —\nm) and \mn) = if m = n. 



The metric is defined as {mn\mn) = {■m\m){n\n) = —{mn\nm) = {nm\nm), 
where (m|m) = (A'"|A'") is the (diagonal) metric element for CP^~^. 

It follows that the tt* equations for G{k, N), for any k, can be derived from the 
ones for the CP^~^ model. Defining 

ihi2...i, = ^^m^„i,i,...i, ^ iog|/5| 

= qii + Qh + ■ ■ ■ + Qik- (47) 
The tt* equations become 

k 

d2d,qi,i^...i^ + Y,{exp[qi^i^,„i^_^^,„i^ - qhi^...i^] - exp[qi^i^,„i^ - qi,i^...U^,...i,]} = (48) 

i=l 

with 

< h < k < . . . < k < . . . < Ik < N ~ 1, (49) 

and any exponential containing any q with 2 indices the same is ignored. 

We now discuss the boundary conditions, which are derived from the UV and 
IR limits of those for the CP^~^model. For CP^~^, all the fundamental one-soliton 
contributions to the tt* metric in the IR can be determined 







-27rr 




: 


sin 


^ N 


(. + 5)] 









= E L + o) -KoM) + ... (50) 



TC 



for i = 0, . . . , — 1, with masses = AN\(3\n sin 

Then the boundary conditions in the IR for G{k, N) are simply given by 

qhi2...i^ = (ih + Qh + ■■■(Ilk (51) 

This allows to obtain the soliton_spectrum and soliton numbers between various 
vacua from the canonical basis,3li^ the basis of vacua for G{k,N). For example 
we find that, for G(2,4), solitons fall into multiplets of completely antisymmetric 
representations of SU{4), the representations and (the two different) masses being 
determined by how far apart the respective six vacua are (see ]TB|). 

We are now interested in checking whether the tt* equations become solvable in 
the large and k limit, in the same way as they were for the large CP^^^model.0 
Consider first the equations for G(2, N) in the large- limit. There is an immediate 
generalization to G{k, N) for any k. Again we can assume that the metric becomes 
a continuous function of two variables si = i/N, and S2 = j/N. Redefining 

= ^HJ\z){j\j) +2^^±^\og\(3\\ (52) 

the tt* equations become 



with qi+N,j = Qij and Qij+N = Qij- Then, expanding, the equation reduces to 



d 

"^dpdp q{si, S2) = exp 



dq 



dsi 



d 



dq 



(54) 



with general solution g(si,S2) = In (7(51,52) = ln[g{si)g{s2)] = q{si) + g(s2), where 
S2 > Si, and q{si) is the solution for the CP^~^model in the large limit. 
The generalization for arbitrary (finite or infinite) k is, for G{k, N) 



dzdz g(si, S2, . . . , Sfc) = ^ — exp 



Sk 



7i dsi 

\ng{si, S2,..., Sk) 



dsi 



(55) 



ln[5'(si)fi'(s2) . . .fi'(sfc)], and 



with solution g(si,S2,. 

Si < S2 < S3 < . . . < Sfc. 

We note that there is no particular difficulty in going beyond k = 1. 

The Grassmannian a-models have not been solved completely as quantum field 
theories and these results should provide further insights into them. 



5. The perturbed An Minimal models 

The flow of unitary models towards other massless unitary models were first 
studied in perturbation theory.0'[l It was shown that perturbing the (m + l)*'^ 
minimal model (for large m) by the least relevant operator would make it flow in 
the IR to the m**^ minimal model, as the coupling to this operator grows. In this 
way, the authors found a flow between successive minimal models. The extension 
of these results to the RG flow in = 1 discrete series was discussed in |]T^ . These 
integrable deformations have also been studied using the TBAI13. 

Here we look at the tt* formalism for the N = 2 minimal models W = X"'^^/n+ 
1 perturbed by different supersymmetry preserving operators.!^ By considering var- 
ious perturbations tX''^^, it is possible to study non-perturbatively (for large n) 
the flow between minimal models and other minimal models and massive models. 
The integrable models for the minimal models perturbed by the two most-relevant 
supersymmetry preserving operators can be solved completely, and the application 
to non-integrable perturbations is briefly discussed. 

Consider flrst the Landau- Ginsburg potential corresponding to the N = 2 An 
series deformed by the most relevant chiral operatorEl 

W{X,t) = ^--tX (56) 
n + I 

where X is the non-trivial chiral fleld of lowest dimension. 

The ring is identical to the one for the CP^~^model, and the tt* equations are 
thus of the same afflne Toda form 



(57) 



with 



2i — n + 1 
qi = log{i\i) — log|t| 

n (n + l) 

-t " 



n + 1 

qi = qi+n, = qi + (58) 

We will again consider the large n limit of these equations. We note now the 
difference with CP^~^. For the CP^~^ model, the large effective action still has 
fields in the theory and the q^ were rescaled by Here we do not need this 

rescaling. To get a smooth large n limit we redefine the g^'s in terms of a continuous 
variable s = -, 

Qi (l{s,\t\) = logg{s,\t\) - {2s -l)log\t\, 

z ^ nt (59) 

The tt* equations become dtdf^F + ^C"^ = 0, 

with F = p-. The exponential is of order -, and we get 



9tdt'F + -^F = 0, (60) 
the ordinary 3D Laplace equation. The general solution for the metric is 

q^s, t) = - E ^^i^^^^ Ko{Anp\t\) + {as + b) log \t\ (61) 
p>i 



where Cp is the soliton multiplicity and is 1 (see [p4|). 
In the limit where t —>■ 

q{t, s)^-Y: ^^^^ [- ln(27rj9|t|) - 7] + {as + h) log \t\ (62) 

Then, we can use the expression0 

sin27rps = 7rlnr(s) H — ln(sin7rs) 7r(l — 2s)(7 + ln2) — 7r(l — s) In vr (63) 

p>i P 2 2 

for < s < 1, and 

sin 2tit}s 1 
E — = Tx{k + - - s) for 2k'n < 2ns < {2k + 1)77. (64) 

p>i P 2 
We have q{t, s) = Inr^(s) sinvrs — Invr — (2s — 1) log \t\ + {as + b) log \t\ 

and g{s,t) = —r'^{s) siniTS (65) 

71 



for a = b = 0. This is consistent with the known resultlll for the ground state metric 
at t = 

9u(t - 0) = (66) 
which for large n becomes (^5]). In the IR (large t), we have 

g-47rp|i| 

g ~ — sin 27rpg , = + •• (67) 



We can now compare this with the results in [^|T^ obtained from semi-classical 
considerations 

-27r 1. 
. n 2 



gj ~ - sm 



^-4.n\t\sm^ 



Simitl sin - 



(68) 



In the large n limit this is — sin(27rg) ^, ' the first term in (I 

In order to derive the 'new index', we write the metric in terms of a dimensionless 
quantity, z = M/5, where M = 4A is the mass of the fundamental solitoncfl and P 
is the perimeter of the cylinder (set to 1 up to now). This is done by rescaling the 
superfields X t~X; then W XW with A = and qi{z) = log(i|i) with 

detf^f] = 1. The action of the renormalization group can be seen as this rescaling of 
the superpotential by A. Then A — >^ corresponds to the UV limit and A — >^ oo to 
the IR. 

In the large n limit, A ^ t and q{s, z) = log g{s, z), and the ground-state 
metric obeys 

and qls,z) = -2Y^'-^^^^^ Ko{np\z\) + ... (70) 

P>i 

The dependence of the metric on the coupling, as 2; 0, (7 — > :^r^(s) sinTrs 
should be consistent with the result^ that in the basis of ground-state vacua of 
definite charge the metric behaves as Qii ~ l^;!"^"?', where qi is the charge of the 
i-th Ramond vacuum. Thus we find the Ramond charge to be, in the large n limit, 

= s — |. The Neuveu-Schwarz f/(l) charges for the N = 2 minimal models are 
Ik = (n+1) ^ ~ 1, ...,n, which become g^ = s, and since the Ramond charges are 
Qk = Ik — c/2, this tells us that c = c/3 or c = 3. 

We now look at the index Q. In the conformal limit, the eigenvalues Qab of 
the index should be the same as the U{1) charges for the superfields \X^) in the 
Ramond sector for the X = 2 minimal models. 
The index Q{s^ z) is simplyB 

Q{s,z) = --g'^d^g = -^zsin27rps Ki{7ip\z\) (71) 

p>i 



We see that in the IR, we get a series of terms in e~^^^^ each of which is the 
contribution of a single massive particle saturating the Bogolmonyi bound m = 
2p\AW\. There are no corrections from multi-solitons states, which seem to suggest 
that the particles remain free. Actually this is not too surprising since the coupling 
and non-trivial scattering for large n is of order 0{l/n). 
In the UV limit z ^ 0. 



Q(.,0)^-E 



sin 27Tps 
Tip 



1 

s 

2 



(72) 



for all s, which is the desired result. This is also consistent with the well-known 
result that the ground-state energy for the minimal models is given byEa 



TT 



3(n-l] 



(n + 1) 



-(--) 



(73) 



which for large n implies c = 3. 

As mentionned earlier, at first order the particles seem free. However we can 
generate corrections of order ^. Call F^^'^ the first order solution of ( |60D 



with 



= -4^cos27rj9S iro(7rp|2|) 
The next order correction in the exponential expansion will be a solution of 



z 2 OS-' 







(74) 
(75) 

(76) 



Integrating, using formulas found in ||45 
8 sin 27ips cos 2ttp's 

p,p' 



(p2 — p/"^) 

Integrating over s, one finds 

,(1) = j2 



pp'Ko{np\z\)Ki{TTp'\z\) + p'^Ko{np'\z\)Ki{np\z\ 



-4 



p,p 



; (p2 _ p 



cos 2ns{p + p') ^ cos 27rs(p — p') 



{p + p') 



(P - P') 



. \pp' Ko{-Kp\z\)Ki{'Kp\z\) + p^Kq{'kp\z\)Ki{'kp\z\) 



(77) 

(78) 
(79) 



which gives the two-particle interactions.! In such a way, it is possible to generate 
successive corrections to the index of order - and determine the ^'-matrix. 



So far we liave looked at tlie N = 2 Minimal models perturbed by the most 
relevant chiral field. Consider now a general perturbation of the form 



vn+l vk+l 

The critical points are = tX^ and X = is degenerate of order k. As we move 
away from the conformal theory at t = 0, the critical points spread out, and in the 
IR limit, for large t, we have a set of isolated critical points. The flow generated by 
the original model has taken us to another massless model in the IR limit around 
X = (with W = X^^^). Around the other critical points the models are massive 
in the IR limit and defined hj W = — tX. 

The tt* equations can be studied for any direction of perturbation, however only 
very special directions lead to integrable quantum field theories and these cases 
produce tt* equations of the affine Toda type.lll These equations always lead to 
massive theories in the IR. For A; > 1, the models are not integrable and the tt* 
equations become more complicated, also, solitons between vacua do not always 
saturate the Bogolmonyi bound. 

For a general perturbation X^^^, the coupling matrix Ct which characterizes the 
chiral ring by multiplication by the operator —dW/dt has components 

Cij = --^^-j6j^i^k+i for i = 1,2, . . . ,n - 1 - k (81) 

= Sj~i,2k+i~n for i = n-k,...,n. (82) 

2-Ki 

The model is invariant under the symmetry X — > e^-'^X, which leaves the chiral 
elements {1,X^~^} invariant. Under this symmetry, the elements {X\X^~^^^^ also 
transform in the same way. Thus the metric gj^j^ = {h\k) is diagonal except for 
elements {l\n — k + I). 

The topological metric is the 2-point correlation function 

Vij = {(pi<Pj)top = = Resw[0i0j] (83) 

with 

And we have 

Vij = ^i+j,n-l + t 5i+j,-,2n-l-fe + t'^ ^i+j,3n-l-2k + • • • (85) 

The first perturbation, tX'^/2, is integrableS and the finite n case has been discussed 
in 1^. The topological metric rjij = 5j+j „_i + t 5i+j,2n-2- In the large n limit, the 
model can be solved completely, the tt* equations reducing again to the Laplace 
equations (with different coefficients). We will not discuss the solution in detail 



but just mention that one needs to define two sets of equations since tfie equations 
couple metrics of odd i together and metrics of even i together. 

Going beyond k = 1 becomes more comphcated. It is not yet clear whether 
the equations admit a nice solution in the large n limit. Consider the perturbation 
W = — The boundary conditions are known. In the UV, we have (|55D. 
In the IR, we should expect a combination of (^) for the massive model and ( |66| ) 
(with i = 0,1) for the massless model. 
We can choose to work in the 'flat coordinates' basi^EJ 

{1, X,X',..., X"-2 - I X--' - ^Xt} (86) 

The elements {1, X"^^} and {X, change in the same way under X exp{^^)X 

and the reality constraints (resulting from the relation f]~^g{f]~^g)* = 1 between g 
and 7]) imply 

9o^9u + googv^ = 0; ff^ogn-V^ + gn~2^I^9n-20 = (87) 
9n-2^9ll + gn-20gi^ = 9n-2^9ll + 9n~20gi^ = ^ (88) 

The tt* equations then become more complicated. For example the flrst equation is 



dt {goodtgn-i^ + gow^dtg 



2- 



^9) 



It is not obvious at this point how or if the equations decouple in these cases. We 
hope to study this question further. 

6. Conclusion 

We have seen here that the tt* formalism is a powerful tool in unravelling non- 
trivial dynamical information about a full quantum fleld theory from its topological 
data. The formalism is completely solvable for various models with a large number 
of superflelds. One could hope that these methods will also have applications in 
D >2. 
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